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Tunable refraction effects in two-dimensional photonic crystals utilizing liquid crystals
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Tunable refraction effects in two-dimensional photonic crystals utilizing liquid crystals are theoretically
demonstrated. Due to liquid crystals with anisotropies, the incident light propagates in photonic crystals at
refractive angles different from those in photonic crystals composed of isotropic materials. Moreover, refrac-
tive angles can be changed by rotating the directors of liquid crystals. Tunable refraction effects are also
discussed for the light with two kinds of frequencies: one is a frequency at the edge of a band gap, and the
other is a frequency a little far from the edge of a band gap.
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I. INTRODUCTION

Recently, refractive-index regular structures have
tracted much attention as photonic crystals from both fun
mental and practical viewpoints, because novel conce
such as photonic band gaps have been predicted, and va
new applications of the photonic crystals have been propo
@1–3#. In earlier work, two fundamentally new optical prin
ciples, namely, the localization of light@4–6# and the con-
trollable inhibition of spontaneous emission of light@7–10#
were considered to be the most important. In order to ob
photonic band gaps, we must use materials with high ref
tive indices such as Si, GaAs, and so on. In such mater
however, refractive indices cannot easily be changed by
ternal factors such as temperature and electric fields.

On the other hand, properties of liquid crystals~LCs! can
easily be changed by electric fields. For many application
is useful to realize tunabilities of photonic band structu
through electro-optic effects. Therefore, tunable photo
crystals infiltrated with liquid crystals in which optical prop
erties can be controlled by temperature and applied ele
fields have been proposed@11–16#. Indeed, refractive indices
of liquid crystals are low and therefore, photonic cryst
infiltrated with liquid crystals have no photonic band gap
However, such photonic crystals provide various applicati
even if they have no photonic band gaps.

For example, ultrarefractions and negative refractio
have been reported recently@17,18#. They are obtained from
high dispersion relations between frequencies and wave
tors regardless of the existence of photonic band gaps. Th
fore, we can obtain ultrarefractions and negative refracti
from photonic crystals composed of liquid crystals with lo
refractive indices.

In this paper, we demonstrate tunable refraction effect
two-dimensional photonic crystals utilizing liquid crystals.
conventional two-dimensional photonic crystals, two mod
namely, the transversal electric~TE! mode and the transver
sal magnetic~TM! mode exist. In photonic crystals com
posed of liquid crystals, generally, no such classifications
modes exist due to anisotropies of liquid crystals. Even
such photonic crystals, however, we can classify the TE
TM modes in the cases of directors of liquid crystals para
and perpendicular to two-dimensional planes.
1063-651X/2003/67~5!/056607~5!/$20.00 67 0566
t-
-
ts
ous
ed

in
c-
ls,
x-

it
s
c

ic

s
.
s

s

c-
re-
s

in

,

f
n
d
l

Therefore, we treat the case of directors of liquid cryst
parallel to two-dimensional planes and the TE mode, beca
electric fields exist only in two-dimensional planes in t
case of the TE mode, and are strongly affected by rota
directors of liquid crystals.

II. THEORY

Following the discussion of Busch and John@14#, we start
with the wave equation satisfied by the magnetic field
two-dimensional periodic structures in order to determ
photonic band structures of two-dimensional photonic cr
tals utilizing liquid crystals.

“3$e21~r !“3H~r !%5
v2

c2
H~r !, ~1!

where“•H(r )50. The dielectric tensore(r )5e(r1R) is
periodic with respect to the lattice vectorR generated by the
primitive translation and it may be expanded in a Four
series onG, the reciprocal lattice vector:

e i , j~r !5(
G

e i , j~G!exp~ iG•r ! ~ i , j 5x,y!. ~2!

A liquid crystal possesses two kinds of dielectric indice
that is, an ordinary dielectric indexe0 and an extraordinary
dielectric indexee. The light with the electric field perpen

FIG. 1. Schematic model of light propagation from air regio
to photonic crystals composed of liquid crystals. The arrow andf
in the diagram indicate the director and rotation angle of liqu
crystals, respectively.
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dicular and parallel to the director of the liquid crystal fee
ordinary and extraordinary refractive indices, respectively
the case of directors of liquid crystals parallel to tw
dimensional planes, the components of the dielectric ten
are represented as follows:

ex,x~r !5eo~r !sin2 f1ee~r !cos2 f, ~3a!

ey,y~r !5eo~r !cos2 f1ee~r !sin2 f, ~3b!

ex,y~r !5ey,x~r !5@ee~r !2eo~r !#cosf sinf, ~3c!

where f is a rotation angle of the director of the liqui
crystal and the director of liquid crystals isn
5(cosf,sinf). In the isotropic case,eo(r ) is equal toee(r ).

Equation~1! comprises a set of three coupled different
equations with periodic coefficients. In two-dimension
photonic crystals, we can defineeG as the direction perpen
dicular to the two-dimensional plane. Using Bloch’s the
rem, we may expand the magnetic field as

H~r !5(
G

h~G!eG exp$ i ~k1G!•r% ~4!

in the case of the TE mode. Inserting Eqs.~2! and ~4! into
Eq. ~1! and multiplying byeG result in the following infinite
matrix eigenvalue problem:

(
G8

HG,G8h~G8!5
v2

c2
h~G!, ~5a!

where

HG,G85ex,x
21~G2G8!~ky1Gy!~ky1Gy8!1ey,y

21~G2G8!

3~kx1Gx!~kx1Gx8!2ex,y
21~G2G8!~ky1Gy!

3~kx1Gx8!2ey,x
21~G2G8!~kx1Gx!~ky1Gy8!.

~5b!

For numerical purposes, Eq.~5a! is truncated by retaining
only a finite number of reciprocal lattice vectors. The ma
numerical problem in obtaining the eigenvalue is the eva

FIG. 2. Band structure of two-dimensional square-lattice pho
nic crystals when directors of liquid crystals are orientated at r
dom. The circles and squares indicate intersection points of
second band atva/2pc50.68, and 0.65, respectively. The avera
refractive index of liquid crystals isnLC

av 51.583.
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ation of the Fourier coefficients of the inverse dielectric te
sors in Eq.~5b!. The best method is to calculate the matrix
Fourier coefficients of real space constants and then tak
inverse in order to obtain the required Fourier coefficien
This method was shown by Ho, Chan and Soukoulis~HCS!
@15#. The eigenvalues computed with the HCS method
289 plane waves are estimated to be in error less than 1

Next, we investigate the light propagation in photon
crystals composed of liquid crystals. The velocity of light
photonic crystals is determined by the group velocity. T
group velocityvg satisfies the following equation:

vg5
]v

]k
. ~6!

Using Hellmann and Feynman’s theorem@19# we can obtain
the following group velocity from Eq.~5a!:

-
-
e

FIG. 3. Constant-frequency contours of the second band in
~a! isotropic and~b! anisotropic cases. In the isotropic case, dire
tors of liquid crystals are orientated at random. In the anisotro
case, on the other hand, they are orientated atf545°. Thick con-
tours indicate the constant-frequency contours atva/2pc50.68,
and 0.65. The ordinary and extraordinary refractive indices
nLC

o 51.522 andnLC
e 51.706, respectively.
7-2
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vg5
]v

]k
5

c2

2v (
G

(
G8

h* ~G!
]HG,G8

]k
h~G8!, ~7a!

where

(
G

h* ~G!h~G!51. ~7b!

Therefore, the direction of the light propagation in photon
crystals is determined by Eq.~7a!.

III. NUMERICAL CALCULATION AND DISCUSSION

Let us consider that the incident light propagates from
regions to photonic crystals, as shown in Fig. 1. We assu
square-lattice photonic crystals composed of liquid-crys
rods, and that backgrounds are air regions. Such a cond
could be realized by silica aerogels. Silica aerogels are
rous structures and diameters of pores are about 20 nm
fractive indices of silica aerogels are about 1.03, that is, t
are almost the same as that of the air. Absorption of hyd
phobic silica aerogels occurs around the infrared region@20#.
Therefore, the hydrophobic silica aerogels are useful in
visible range. Indeed, hydrophobic silica aerogels are use
very low-refractive-index materials@21#. That is, the two-
dimensional photonic crystals composed of liquid cryst
can be prepared by making a periodic array of holes in

FIG. 4. Dependence of refractive angles on incident angle
the isotropic and anisotropic cases atva/2pc5 ~a! 0.68, ~b! 0.65.
In the isotropic case, directors of liquid crystals are orientated
random. In the anisotropic case, on the other hand, they are o
tated atf545°.
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silica aerogel plate and then infiltrating liquid crystals in
holes. When diameters of the holes are about 1mm and are
much larger than those of pores, wet liquid crystals can
trapped in the drilled holes. In making the holes in the sil
aerogel plate by laser, moreover, pores around the holes
be broken by the heat of laser. Then, we do not have
consider leaking of liquid crystals into the pores around
holes. An experimental fabrication of tunable tw
dimensional photonic crystals infiltrated with liquid crysta
has already been reported@16#.

When we choose high-refractive-index materials as ba
grounds, we cannot obtain high anisotropies caused by liq
crystals, although we can obtain high dispersion relations
frequencies and wave vectors. On the other hand, when
choose materials whose refractive indices are near thos
liquid crystals as backgrounds, we cannot obtain high disp
sion relations although we can obtain high anisotrop
caused by liquid crystals. Therefore, we consider that
model we propose here is appropriate with respect to b
high dispersion relations and high anisotropies.

We consider that ordinary and extraordinary refractive
dices of liquid crystals arenLC

o 51.522 andnLC
e 51.706

~5CB!, respectively, and that a radius of the rod isR/a
50.4. a is a lattice constant. In Fig. 1,u i and u r indicate
incident and refractive angles, respectively, andf in the dia-
gram indicates the rotation angle of directors of liquid cry
tals.

When the electric field is not applied, directors of liqu
crystals are orientated at random. That is, anisotropies
liquid crystals disappear and liquid crystals become iso
pic, and then the average refractive index of liquid crystals
nLC

av 5(nLC
e 12nLC

o )/351.583.
In Fig. 2, we show the photonic band structure of pho

nic crystals composed of liquid crystals in the isotropic ca
We consider two kinds of incident lights: one is the incide
light at va/2pc50.68 and the other is the incident light a
va/2pc50.65. The former is near the edge of the band g
and the latter is a little far from the edge of the band gap.
focus our attention on the second band in Fig. 2 although
third and forth bands also have wave vectors atva/2pc
50.68, and 0.65. The circles and squares in Fig. 2 indic
intersection points of the second band atva/2pc50.68, and
0.65, respectively.

in

t
n-

FIG. 5. Dependence of refractive angles on the rotation angl
liquid crystals ranging from290° to 90° atva/2pc50.68 and
0.65 when the incident angle is 5°.
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FIG. 6. ~Color! Magnetic field patterns of light propagations atf5 ~a! 30°, ~b! 90° when the light atva/2pc50.68 is incident on
photonic crystals atu i55°.
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When the electric field is applied in two-dimension
planes, liquid crystals become anisotropic. Then, we can
discuss by using the band structure in Fig. 2 beca
anisotropies of liquid crystals break the high rotational sy
metry. In Fig. 3, we display the constant-frequency conto
of the second band in the isotropic and anisotropic ca
Thick contours in Figs. 3~a! and 3~b! indicate the constant
frequency contours atva/2pc50.68,0.65. Figure 3~a!
shows the constant-frequency contours of the second ban
Fig. 2 when the directors of liquid crystals are orientated
random, and Fig. 3~b! shows the constant-frequency contou
of the second band when they are orientated atf545°. As
shown in Fig. 3~b!, the high rotational symmetry in Fig. 3~a!
disappears in the anisotropic case.

Next, we investigate refractive angles of the light prop
gating from air regions to photonic crystals composed
liquid crystals with anisotropies, as shown in Fig 1. By t
momentum conservation in they direction, the wave vecto
in the y direction in photonic crystals is given by

ky5~2p/a!~va/2pc!sinu i . ~8!

We can comprehend the schematic meaning of the l
propagation in photonic crystals from Eq.~6!. That is, this
equation shows that the direction of the light propagation
equal to the normal direction to the constant-frequency c
tour. In Fig. 3~b!, for example, a certainky of the light at
va/2pc50.68 is shown as the broken line. We can calcul
kx and ky by investigating intersection points between t
break line and the constant-frequency contour atva/2pc
50.68. The arrow in Fig. 3~b! indicates the direction of the
light. However, we calculate refractive angles from Eq.~7a!
in order to obtain high accuracies.

In Figs. 4~a! and 4~b!, we display the dependence of r
fractive angles on incident angles in the isotropic and an
tropic (f545°) cases atva/2pc50.68, and 0.65, respec
tively. Black and white points indicate isotropic an
anisotropic cases, respectively. As shown in Fig. 4~a!, signs
of refractive angles are always opposite to those of incid
angles regardless of the isotropic and anisotropic cases.
05660
ot
e
-
s
s.

in
t

-
f

ht

s
-

e

-

nt
hat

is, these conditions correspond to the negative refract
index conditions. Changes of refractive indices in the ani
tropic case is larger than those in the isotropic case.

As shown in Fig. 4~b!, on the other hand, changes
refractive indices atva/2pc50.65 are not as large as thos
at va/2pc50.68, regardless of the isotropic and anisotro
cases. In the isotropic case, especially, relations between
incident and refractive angles in the range from about28°
to about 8° satisfy 0,u r,u i in conventional-refractive-
index materials, although negative refractions are shown
the range of incident angles from about214° to about
210° and from about 10° to about 14°.

In the anisotropic case, however, it should be noted t
u r is not equal to zero atu i50 due to anisotropies of liquid
crystals in comparison with the isotropic case, as shown
Figs. 4~a! and 4~b!. In Fig. 4~b!, moreover, refractive angle
are almost constant in the range of incident angles fr
about28° to about 8° in the anisotropic case. These are
to distortions of the constant-frequency contours caused
anisotropies of liquid crystals, as shown in Fig. 3~b!. There-
fore, anisotropies of liquid crystals provide peculiar negat
refractions in comparison with the isotropic case.

In Fig. 5, we discuss the dependence of refractive ang
on the rotation angles of liquid crystals ranging from290°
to 90° atva/2pc50.68, and 0.65 when the incident angle
u i55°. Black and white points indicateva/2pc50.68, and
0.65, respectively. Atva/2pc50.68, as shown in Fig. 5
refractive angles are sensitively affected by the change
rotation angles of liquid crystals, and are always negat
Moreover, there exist the rotation angles of liquid crystals
which light cannot be incident.

At va/2pc50.65, on the other hand, refractive angles
not change very largely although sings of refractive ang
change from positive to negative. That is, refractive ang
strongly depend on changing the rotation angles of liq
crystals as the frequency of the light becomes nearer the e
of the band gap.

In Fig. 6, we display the magnetic field pattern of the lig
propagation when the light atva/2pc50.68 is incident on
7-4
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the photonic crystal atu i55° in order to investigate the
tunable refraction effects in Fig. 5. Figures 6~a! and 6~b!
show magnetic field patterns of light propagations atf
530°, and 90°, respectively. The right half is a square p
tonic crystal with 31321 unit cells. Arrows indicate direc
tions of the light propagations. We used the finite differen
time domain~FDTD! method in order to obtain the magnet
filed patterns of the light propagations. A more detailed tre
ment of the FDTD method is given in Ref.@22#. As shown in
Fig. 6, the incident light propagates in photonic crystals
ficiently, and the light beam does not mostly disperse in p
tonic crystals, which indicates that the photonic crystals
propose are efficient as optical devices.

In this figure, it should be noted that the direction of t
light propagation is not normal to the wave front. This
because the group velocity is generally different from
phase velocity. The phase velocity is normal to the wa
front, and the light propagation depends on the group ve
ity.

Figures 6~a! and 6~b! clearly show that the direction o
light propagation can be changed by rotating the director
re

a

.

v.
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liquid crystals, which indicates that we can obtain tuna
refraction effects in two-dimensional photonic crystals util
ing liquid crystals.

IV. CONCLUSION

In conclusion, we theoretically demonstrated tunable
fraction effects in two-dimensional photonic crystals utili
ing liquid crystals. Due to liquid crystals with anisotropies
high symmetry disappears in photonic crystals, and then
incident light propagates in photonic crystals at refract
angles different from those in photonic crystals composed
isotropic materials. Moreover, refractive angles can
changed by rotating directors of liquid crystals by appli
voltages. Tunable refraction effects were also demonstra
for light with two kinds of frequencies: one is a frequency
the edge of bang gaps and the other is a frequency a little
from the edge of band gaps.
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